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Abstract 

We consider the semilinear wave equation in higher dimensions with power 
nonlinearity in the super-conformal range, and its perturbations with lower 
order terms, including the Klein-Gordon equation. We improve the upper 
bounds on blow-up solutions previously obtained by Killip, Stovall and Vi§an 
[6]. Our proof uses the similarity variables' setting. We consider the equation 
in that setting as a perturbation of the conformal case, and we handle the 
extra terms thanks to the ideas we already developed in [5] for perturbations 
of the pure power case with lower order terms. 

Keywords: Semilinear wave equation, finite time blow-up, blow-up rate, super- 
conformal exponent. 

AMS classification : 35L05, 35L67, 35B20. 



1 Introduction 

This paper is devoted to the study of blow-up solutions for the following semilinear 
wave equation: 

d\u = Au + \u\ p ~ l u + f(u) + g(x, t, Vw, d t u), 

(1.1) 

(u(x,0),d t u(x,0)) = (u (x), Ul (x)) G Hl oc (R N ) x Lf oc (R N ), 

in spatial dimensions N > 2, where u(t) : x 6 ~R N — > u(x,t) G 1R and p c < p < ps, 
where p c = 1 + -^-j- is the conformal critical exponent and ps = 1 + jrzz is the 
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Sobolev critical exponent. Moreover, we take / : R — > R and g : R 2Ar+2 — y R C 1 
functions satisfying 

(H f ) \f(u)\ < M(l + \u\ q ), for all w G R with (q < p, M > 0), 

(H g ) \g{x,t,v,z)\ < M(l + \v\ + \z\), for all x, v G R N , t, z G R with (M > 0). 

We would like to mention that equation (11. ip encompasses the case of the following 
nonlinear Klein-Gordon equation 

d 2 t u = Au + \u\ p ~ x u - u, (x,t) G R N x [0,T). (1.2) 

In order to keep our analysis clear, we only give the proof for the following non 
perturbed equation 

d 2 t u = Au + \u\ p ~\ (x, t) eR N x [0, T), (1.3) 

and refer the reader to [1] and [5] for straightforward adaptations to equation (11.11) . 

The Cauchy problem of equation (11.31) is solved in H} oc x Lf oc . This follows from the 
finite speed of propagation and the the wellposedness in H l x L 2 , valid whenever 1 < 
p < ps- The existence of blow-up solutions for the associated ordinary differential 
equation of (II. 3p is a classical result. By using the finite speed of propagation, 
we conclude that there exists a blow-up solution u(t) of (11.31) which depends non 
trivially on the space variable. In this paper, we consider a blow-up solution u(t) of 
(11.31) . we define (see for example Alinhac [T] and [2j) T as the graph of a function 
x i — y T(x) such that the domain of definition of u is given by 

D u = {{x,t) \t<T(x)}. 

The set D u is called the maximal influence domain of u. Moreover, from the finite 
speed of propagation, T is a 1-Lipschitz function. The graph V is called the blow-up 
graph of u. 

Let us first introduce the following non-degeneracy condition for V. If we introduce 
for all x G M N , t < T(x) and 5 > 0, the cone 

C x ,t,6 = {(£, r)^(x,t)\0<T<t- 5\£ - x\}, (1.4) 

then our non degeneracy condition is the following: xq is a non characteristic point 
if 

3S = S (x ) G (0, 1) such that u is defined on C X0! t( X0 ),s - (1-5) 

We aim at studying the growth estimate of u(t) near the space-time blow-up graph 
in the super-conformal case (where p c < p < ps). 

Let us briefly mention some results concerning the blow-up rate of solutions 
of semilinear wave equations. The first result valid for general solutions is due to 
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Merle and Zaag in [8] (see also [7] and [9]) who proved, that if 1 < p < p c and u 
is a solution of (11. 3ft . then the growth estimate near the space-time blow-up graph 
is given by the associated ODE. In [3] and [5], we extend the result of Merle and 
Zaag to perturbed equations of type (11 .11) under some reasonable growth estimates 
on / and g in (II. ip (see hypothesis (Hf) and (H g )). Note that, in all these papers, 
the method crucially relies on the existence of a Lyapunov functional in similarity 
variables established by Antonini and Merle [3]. Recently, Killip, Stovall and Vi§an 
in [6] have shown, among other results, that the results of Merle and Zaag remain 
valid for the semilinear Klein-Gordon equation (jl.2p . Moreover, they consider also 
the case where p c < p < ps and prove that, if u is a solution of (jl.2p . then for all 
Xo G K. , there exists K > such that, for all t G [0, T(xo)), 

(p-l)iV /" „ 

(T(x )-t)~ v+3 u 2 (x,t)dx < K, 1.6) 



and for all i G (0,T(xo)], 

\ 2 / (|Vw(x,r)| 2 + |9 t M(x,r)| 2 )dxdr < if. (1.7) 

ir(x )-t iB(x ,^a^) v y 

Moreover, if x is a non characteristic point, then they use a covering argument 
to obtain the same estimates with the ball B(xq, t ^~ t ) replaced by the ball 
B(x ,T(x ) — t) in the inequalities (jl.6p and (jl.7p . 

Here, we obtain a better result thanks to a different method based on the use of 
self-similar variables. This method allows us to improve the results of j6] as we state 
in the following: 

THEOREM 1 (Growth estimate near the blow-up surface for Eq. 

If u is a solution of U.l\) with blow-up graph T : {x t— > T(x)}, then for all Xq G M. n 
andt G [0,T(xo)), we have 

-(p-l)JV f _ 

(T(x ) - 1) "+ 3 / u 2 (x,t)dx ->0, as t-*T(x Q ). (1.8) 

J B(x ,T{x )-t) 

Moreover, for allt G (0, T(x )], we /iave 

fT(^o)-| 



|a t M(x,r)| 2 dxdr < ifj, (1.9) 

T(x )-t Jb(x , T(x ° 2 ) - t ) 



and 

"T{x y 



/ |Vw(x,r)| 2 dxdT < K x . (1.10) 



T(x )-t JB(xo,^f^) 
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If in addition xq is a non characteristic point, then we have for all t G (0, T(xq)], 
"T{x y 

>T(x )-t JB(x ,T(x )- 

Moreover, we have 

T(xo)—t f / 2 , X — Xq 



/•T(*o)-f f / \ 

/ / [\Vu(x,t)\ 2 + \d t u(x,T)\ 2 )dxdT ->■ 0, as t -> 0. (1.11) 

JT(xn)-t J B(x ,T(x )-t) V ' 
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/ (|V«(x,t)| 2 -(-^-.V^,t)) : 

JB(xo,T(x )-t) V J l^Oj - I 



'B(aBo,T(soM) 

+|<9 t u(x,t)| 2 — Kx,t)| p+1 W -> 0, as t^T(xo). (1.12) 

p+1 ' 

REMARK 1.1 i)Let us remark that, we have the following lower bound which 
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follows from standard techniques (scaling arguments, the wellposedness in if 1 ) 
L 2 (R N ), the finite speed of propagation and the fact that Xq is a non characteristic 
point): there exist e > 0, such that 

< , < (T(* ) - f) ^ HgMg(^^ 

(T(x )-tp 

, , > ,2 +1 /\\d t u(t)\\ L 2 {B{x0jT{xo) _ t)) || Vu(t)\\ L 2 {B(x0iT{xo) _ t)) 

+ (i (XoJ — t P jz 1 jz 

ii) In Theorem 1, we improve recent results of Killip, Stovall and Vi§an in J5J/. More 
precisely, we obtain a better estimate in U.8\) and if Xq is non characteristic point 
we have the better estimate U.ll\) . 

Hi) Up to a time dependent factor, the expression in U.1S\) is equal to the main 
terms of the energy in similarity variables (see \1.20) ). However, even with this 
improvement, we think that our estimates are still not optimal, 
iv) The constant K\, and the rate of convergence to of the different quantities 
in the previous theorem and in the whole paper, depend only on N, p and the up- 
per bound on T(xq), 1/T(xq), and the initial data (uq,ui) in H l (B(xo,2T(xo))) x 
L 2 (B(x , 2T(xq))), together with S (x ) if Xq is non characteristic point. 



Our method relies on the estimates in similarity variables introduced in [3] and 
used in [7], [8] and [9]. More precisely, given (xo,T ) such that < T < T(xq), we 
introduce the following self-similar change of variables: 

V = % X °, , s = -log(T -t), u(x,t) = —w X(hTo {y,s). (1.13) 

This change of variables transforms the backward light cone with vortex (xq,Tq) 
into the infinite cylinder (y,s) G B x [— log To, +oo). In the new set of variables 
(y, s), the behavior of u as t — > T is equivalent to the behavior of w as s — > +oo. 
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From ( 11.31) . the function w X0) t (we write w for simplicity) satisfies the following 
equation for all y G B = 5(0, 1) and s > — logT : 

2^ + 2 , 



(p - 1) 2 

Putting this equation in the following form 



w+H P-1 u>. (1.14) 



2p + 2 

d 2 w = div CVw — (y.Vw)y) + 2r]y.Vw — -^w + Iwf^w (1-15) 

[jp- iy 

p + 3 



p — 1 

where 



d s w — 2y.Vd s w, My E B and s > — logT , 



U = < 













iV- 1 2 2 2 , 

?7 = — ^ 7 = 7 7>0, 1.16 

2 p — 1 p c — 1 p — 1 

the key idea of our paper is to view this equation as a perturbation of the conformal 
case (corresponding to r] — 0) already treated in [5] with the term 2rjy ■ Vw. Of 
course, this term is not a lower order term with respect to the nonlinearity. For that 
reason, we will have exponential growth rates in the w setting. Let us emphasize 
the fact that our analysis is not just a trivial adpatation of our previous work [5]. 

The equation ( I1.14p will be studied in the Hilbert space % 

(w 2 2 + |Vwi| 2 (l - |y| 2 ) + wfjdy < +ooj. 

In the conformal case where p = p c , Merle and Zaag [8] proved that 
f /I 1 1 7)4- 1 

Eo(w) = J b {-{d s wf + -\Vw\ 2 - -{y.Vwf + T^yy^ 2 - J^)^ i 1 - 17 ) 

is a Lyapunov functional for equation (11.141) . When p > p c , we introduce 

E(w) = E (w) + I(w), (1.18) 

where 

I(w) = —r] \ wd s wdy H — — / w 2 dy, (1-19) 
Jb 2 J B 

and 77 is defined in (II. 16)) . Finally, we define the energy function as 

F(w,s) = E(w)e~ 2r > s . (1.20) 

The proof of Theorem 1 crucially relies on the fact that F(w, s) is a Lyapunov 
functional for equation (jl,14p on the one hand, and on the other hand, on a blow- 
up criterion involving F(w,s). Indeed, with the functional F(w,s) and some more 
work, we are able to adapt the analysis performed in [S|. In the following, we show 
that F(w, s) is a Lyapunov functional: 
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PROPOSITION 1.2 (Existence of a decreasing functional for Eq. ( fTTTfl J ). 

For all s 2 > si > — logT = sq, the functional F(w,s) defined in $1.20\) satisfies 

F(w(s 2 ),s 2 )-F(w(s 1 ),s 1 ) = - [ ' V 2 " 8 / (d s w-r]w) 2 dads 

J si JdB V J 

Moreover, for all s > So, we /icrae -F(u>, s) > 0. 

This paper is organized as follows: In section 2, we prove Proposition II. 21 Using 
this result, we prove Theorem [1] in section 3. 

2 Existence of a decreasing functional for equa- 



tion (11.141) and a blow-up criterion 



Consider u a solution of (II. 3p with blow-up graph r : {x H > T(x)}, and consider 
its self-similar transformation w XOj t defined at some scaling point (x ,T ) by (I1.13P 
where T < T(x ). This section is devoted to the proof of Proposition 11.21 We 
proceed in two parts: 

• In subsection 2.1, we show the existence of a decreasing functional for equation 

• In subsection 2.2, we prove a blow-up criterion involving this functional. 



2.1 Existence of a decreasing functional for equation (11.141) 



In this subsection, we prove that the functional F(w, s) defined in (11.20D is decreas- 
ing. More precisely we prove that the functional F(w, s) satisfies the inequality 
p.2ip . Now we state two lemmas which are crucial for the proof. We begin with 
bounding the time derivative of E (w) defined in (11.171) in the following lemma. 

LEMMA 2.1 For all s > -logT 0; we have 

^-(E (w)) = - [ (d s w) 2 da + 2 V [ (d s w) 2 dy + 2 V [ d s w(y.Vw)dy. (2.1) 
« s JdB Jb Jb 

Proof. Multiplying (I1.15P by d s w and integrating over the ball B, we obtain for all 
s > - log T , 



>oW) 



-2 f d s w(y.Vd s w)dy - ^4 / (d s w) 2 dy + 2r] [ d s w(y.Vw)dy. 
Jb P~ l Jb Jb 
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Since we see from integration by parts that 

-2 f d s w{y.Vd s w)dy = - [ y.V(d s w) 2 dy = N f (d s w) 2 dy - f (d s w) 2 da, 
Jb Jb Jb Job 

this concludes the proof of Lemma 12. 11 ■ 
We are now going to prove the following estimate for the functional I(w): 
LEMMA 2.2 For all s > -logT , we have 

4~I(w) = 2 V E(w) - 2 V [ (d s w) 2 dy - ^ P ~ ^ I \w\ p+1 dy 
ds J B p + 1 J B 

—2t] / d s w(y.Vw)dy — if \ w 2 da + 2rj / wd s wdo~. (2.2) 

Jb JdB JdB 

Proof: Note that I(w) is a different iable function for all s > — log To and that 

—I(w) = —rj [ (d s w) 2 dy — rj j wd 2 wdy + r/N f wd s wdy. 
ds Jb Jb Jb 



By using equation ( 11.15P and integrating by parts, we have 

^-I{w) = -7] I (d s w) 2 dy + ri [ (| \7w\ 2 - (yVw) 2 )dy - rj [ \w\ p+l dy 
ds J B Jb Jb 

f 2p + 2 f 

~ 2 V 2 J w{y.Vw)dy + r) J w 2 dy 

r p _|_ 3 r 

+2?7 / w(y.Vd s w)dy + r]( h N) / wd s wdy. 

Jb P - 1 Jb 

Then by integrating by parts, we have 

= -r] (d s w) 2 dy + rj / (| Vw\ 2 - (y.Vw) 2 )dy - rj / \w\ p+1 dy 
Jb Jb Jb 



d T( 

—I{w 

as 



-v 2 



[ w 2 da + ( V 2 N + V^^) [ w 2 dy (2.3) 
JdB IP — -U Jb 

+2r/ / wd s wda — 2rj I (y.Vw)d s wdy + rj( - — N) I wd s wdy. 
JdB Jb P — 1 J b 

By combining ( 11.1 Tf) , (11.181) , (11.191) , fll .16f) and (12. 3ft , we conclude the proof of Lemma 

E2 ■ 

From Lemmas 12. II and 12.21 we are in a position to prove the first part of Proposition 

Proof of the first part of Proposition From Lemmas 12.11 and 12.21 we obtain for 
all s > — log T , 

^-E{w) = 2t]E(w) - [ (dsW-riwYda- 11 ^'^ [ \w\ p+1 dy. 
ds Jqb ^ ' P + 1 Jb 



Therefore, using the definition of the functional F(w, s) in (11.201) . we write 

^-F{w,s) = -e~ 2vs [ (d s w - r]w) 2 da - V ^ P - \ ~^ s [ \w\ p+1 dy. (2.4) 

" s JdB ^ ' P + I J B 

By integration, we get (jl.2ip . This concludes the first part of the proof of Proposition 

o ■ 

2.2 A blow-up criterion 

We finish the proof of Proposition 11.21 here. More precisely, for all Xq G WL N and 
T G (0,T(xq)], we prove that 

Vs>-logT , F(w Xo , To (s),s)>0. (2.5) 

We give the proof only in the case where Xq is a non characteristic point. Note that 
the case where x is a characteristic point can be done exactly as in Appendix A 
page 119 in PD1. 



Proof of the last point of Proposition 1.2: The argument is the same as in the cor- 
responding part in [3j. We write the proof for completeness. Arguing by contradic- 
tion, we assume that there exists a non characteristic point Xq G R , T G (0, T(xq)] 
and si > — logT such that F(w(si), si) < 0, where w = w Xo> t - Since the energy 
F(w(s), s) decreases in time, we have F(w(l + si), 1 + si) < 0. 
Consider now for 5 > the function w 5 (y,s) = w XOt T a s(y, s )- From (11.13)) . we see 
that for all (y, s) G B x [1 + s 1; +oo) 

^(y, a) = -Ht^-, - log(5 + e" s )). 

(l + 5e*)— ! + ^ 

• (A) Note that w s is defined in B x [1 + si,+oo), whenever 5 > is small 
enough such that — log (5 + e^ 1 " 51 ) > si. 

• (B) By construction, w' 5 is also a solution of equation (I1.14p . 

• (C) For 5 small enough, we have F(w 5 (l + si),l + Si) < by continuity of the 
function 5 H- F(w 5 (l + s x ), 1 + s x ). 

Now, we fix 5 = 5q > such that (A), (B) and (C) hold. Since F(w s °, s) is decreasing 
in time, we have 

liminf F{w 6 °{s),s) < F(w 5 °(l + Sl ), 1 + si) < 0. (2.6) 
Let us note that we have 

-n ! w 5o d s w So dy > ~ f (d s w s °) 2 dy - \ [ (w 5 °) 2 dy (2.7) 



2 J b 2 j B 



By (ITTTD . |QS)I . Q)| . (12TT1) and the fact that 77 G [0, 1], we deduce 

> — [ \w 5 °\ p+1 dy. (2.8) 

" P+IJb 

So, by fll.20p . we have 

F(w 5o (s),s) > -j^j J \w 5o \ p+1 dy. (2.9) 



After a change of variables, we find that 



F(w 5 °(s),s)>- / \w(z,-log(6 + e- s ))\i> +1 dz. 

(p + 1)(1 + 5 e s )— +2 - N Jb 

Since we have — log(5 + e~ s ) — > — log5 as s — > +00 and since ||u>(s)||j>+i(.b) is 
locally bounded from the fact that w = w XOt x and x is non characteristic point, by 
a continuity argument, it follows that the former integral remains bounded and 

Ce~ 2r,s 

F(w s °(s) jS ) > — -> 0, (2.10) 

(l + 5 e s )— +2_JV 

as s — > +00 (use the fact that — j- + 2 — iV — 2r/ = 1 and 77 > 0). So, from (I2.10p . it 
follows that 

liminf F(w 5o (s),s) > 0. (2.11) 

From (12. 6p . this is a contradiction. Thus ( 12. 5 p holds. This concludes the proof of 
Proposition 11.21 ■ 



3 Proof of Theorem ffi 

Consider u a solution of ( II. 3p with blow-up graph T : {x 1— > T(x)}. Translating 
Theorem [T] in the self-similar setting w XOj t (we write it) for simplicity) defined by 
(11.131) . our goal becomes the following Proposition: 

PROPOSITION 3.1 If u is a solution of ( fi.ij) with blow-up graph r : {a: 1 — 
T(x)}, then for all xo G ffi^ and T < T(xo), we have for all s > s = — logT 0; 

e ' 2vS f + J b ((d s w(y,r)) 2 + \Vw(y,r)\ 2 (l - \y\ 2 ))dydr < K. (3.1) 
Moreover, 

e~ 2vs I \w{y,s)\^dy 0, as s -> +00, (3.2) 



B 
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ep+3 / \w(y,s)\ dy ->• 0, as s ->• +00. (3.3) 
is 

// m addition x is a non characteristic point, then we have, 

e~ 2r > s J S+ J B [(d s w(y,r)) 2 )dydr -+ 0, (3.4) 



^ + ^(\Vw(y,r)\ 2 y y dr -+ 0, (3.5) 

as s — ?• +00. Moreover, we have 

F(w,s) 0, as s -> +00. (3.6) 

In this section, we prove Proposition 13 . 1 1 which directly implies Theorem (TJ as in the 
proof of Theorem 1.1, (page 1145) in [8]. 

Let us first use Proposition 11.21 and the averaging technique of [9] and [8] to get 
the following bounds: 

LEMMA 3.2 For all s > s = - logT , we have 

0<F{w{s),s)<F{w{s ),s ), (3.7) 

J\- 2r > s Jjw(y,s)\*> +1 dyds < J^-L^F(w(s ),s ), (3.8) 

/ e~ 2r ' s [ (d s w(a,s) - rjw(a, s)Y dads < F(w(s ),s ). (3.9) 
J so Job ^ ' 

If in addition xq is non characteristic (with a slope So € (0, 1) ), then 

-s+l 



e -2 V s 



J J (d s w XO)To (y, t) - A(r, s)w XO;To (y, r) ) dydr 0, as s ->■ +00, (3.10) 
where < A(r, s) < C(5 ), for all r e [s, s + l]. 

Proof: The first three estimates are a direct consequence of Proposition 11.21 As for 
the last estimate, by introducing f(y,s) = e~ r)S w(y, s), we see that the dispersion 
estimate (13. 9 p can be written as follows: 

/ f (d s f(a jS )) 2 dads < F(w(s ),s ). (3.11) 

J s JdB V ' 

In particular, we have 

J J (d s f{a,T)ydadr -»■ 0, as s -»■ +00. (3.12) 
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By exploiting (13. 12ft where the space integration is done over the unit sphere, one 
can use the averaging technique of Proposition 4.2 (page 1147) in [8] to get the same 
estimate with the space variable integrated over the whole ball B. ■ 

From Lemma 13. 2\ we are in a position to prove Proposition 13.11 

Proof of Proposition \3.1[ 

- Proof of (13. ip : By integrating the functional F(w,s) defined in (ll.20p in time 
between s and s + 1, we obtain: 

f +1 e~^ J B ((d S w) 2 + |VH 2 (1 - \y\ 2 ))dydr = Jf^ydr 
2^ F(w(r),r)dr- J e~ 2riT j (\Vw\ 2 \y\ 2 - (y.Vwf^dydr (3.13) 



/ + e~ 2riT [ \w\ p+1 dydr + 2r] [ + e~ 2llT [ (wd s w - — w 2 )dydr . 

Js JB Js JB 2 



P 



A(s) 



Now, we control all the terms on the right-hand side of the relation (13 .13^ : 
Note that the first term is negative, while the second term is bounded because of 
the bound (I3.7j) on the energy F(w,s). Since |y.Vu>| < |y||Vw|, we can say that 
the third is also negative. Remark that ( 13. 8ft implies that the fourth term is also 
bounded. Finally, it remains only to control the term A(s). 

Combining the Cauchy-Schwarz inequality, the inequality ab < ea 2 + -^b 2 , and the 
fact that N > 2 and r] G [0,1], we write 

A(s) < \£ +1 e~ 2vT j{d s w) 2 dydr. (3.14) 

Now, we are able to conclude the proof of the inequality (13. ip . For this, we combine 
(I3.13p . ( I3.14p and the above-mentioned arguments for the first four terms to get 

e- 2r > T J ((d s w) 2 + \Vw\ 2 (l - \y\ 2 )^dydT < K +^J e~ 2r ' T J(d s w) 2 dydr. (3.15) 
The desired bound in ( 13. ip follows then from ( I3.15p . 

- Proof of (13. 2p : Using the mean value theorem, we derive the existence of a(s) G 
[s, s + 1] such that 

ns+l r 



w(y,(r(s))\ 2 dy = / \w(y,r)\ 2 dydr. (3.16) 

B Js JB 

By Jensen's inequality, we have 

/s+l p . rs+1 p . p+3 

J \w(y,T)\^dydT < C[J^ J \w(y,r)\ p+1 dydr)^ . (3.17) 
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By combining ( 13 . 161) and (13.171) . we can write that 

^w(y,a(s))\^dy < C(y J\w{y,T)r l Ay&Ty {p+1) . (3.18) 
Using (I3.18P and the fact that ah < a 2 + b 2 , we have 

\w(y,s)\^dy < f \w(y,a(s))\^dy + C [ [ \d s w(y,T)\\w(y,T)\ E ^ 1 dy<lT 

JB Js JB 

CS+1 p s P+3 

2(p+l) 



+C( f + /" H^rMydr)^ T +1 / IS.tuCy.rJ^dj/dr)* 

«/ s J B J s J B 



J \w(y,T)\ p+l dy&T ->■ from (JSIHD, we use (EZQ) to obtain Q . 
- Proof of (13. 3D : It follows from (13. 2ft through the Holder inequality and (13. 2ft . 



- Proof of ( 13 .4D : Note that from now on, we assume that xo is a non characteristic 
point with slope #o € (0, 1). It is a direct consequence of (I3.3P and (13.10j) . 

- Proof of (13. 5p : Let s > s + 1, Si = S\(s) G [s — 1, s] and s 2 = s 2 (s) G [s, s + 1] to 
be chosen later. By integrating after multiplication by e~ 2r,s the expression (12. 3p of 
I{w) in time between s± and s 2 , we obtain 



/ e~ 2vs [ \Vw\ 2 (l-\y\ 2 )dyds = e~ 2vS2 I(w(s 2 )) -e- 271Sl I(w( Sl )) 
J S1 Jb v v ' 

Bi(s) 

2r l s / (n, T7i,Aft nnAmA c -L n / p" 2r ? s / f/} ^ 2 r 



+ 2r/ / e"^ / (y.Vw)d s wdyds + 7] / e" 2 ^ / (a s w) 2 d|/ds (3.19) 
's 1 Jb J si Jb 



B 2 {s) B 3 (s) 



+ 77 /"V 2r?s [ \w\ p+1 dyds -(r] 2 N + rj 2p + % ) [ ' e~ 2ris f w 2 dyds 
J S1 Jb (P- 1) J S1 Jb 

S v ' V v ' 

B 4 (s) B 5 (s) 

~V^——r ~ N) [ 2 e~ 2r,s [ wd s wdyds - [ ' e~ 2ris [ (d s w) 2 dads 
P ~ 1 J Sl Jb J Si Job 

V v ' V v ' 

B 6 («) B 7 (s) 

+ /V 2??s / (d s w - rjwfdads -rj \\- 2r]S [ (\y\ 2 \Vw\ 2 - (y.Vw) 2 )dyds . 

J Sl JdB J Sl Jb 



Bs(s) Bg(s) 



Now, we control all the terms on the right-hand side of the relation (13 . 19D : 
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Note that, by (11.191) and using the Cauchy-Schwarz inequality, we can write 

e~ 2riS2 I(w(s 2 )) < Ce~ 2vS2 [ {d s w{s 2 )) 2 dy + Ce^ S2 [ w 2 (s 2 )dy. (3.20) 

JB JB 

By exploiting (13.31) and the fact that s 2 G [s, s + 1], we conclude that 



e ~2r,s 2 



/ w 2 {s 2 )dy ->0 as s -> +oo, (3.21} 

JB 



on the one hand. On the other hand, by using the mean value theorem, let us choose 
s 2 = s 2 (s) G [s, s + 1] such that 



f e" 2 ^ / (d s w(r)) 2 dydr = e~ 2 ^ [ (dM^fdy. (3.22) 

Js JB JB 

By combining (13.41) and (I3.22p we obtain 

/ (5 sUj ( S2 ))2 dy as s ->■ +oo. (3.23) 



B 



Then, by using fl3T20|) . fl3T2H and (13T231 . we get 

e - 2r?S2 /(w(s 2 )) ^ as s ->• +oo. (3.24) 
From (I1.19P and the fact that ab < a 2 + b 2 , we write 

-e" 2,?Sl /(w;(si)) < Ce" 2 ^ 1 / (<9 s w;(si)) 2 dy. (3.25) 

Similarly, by using the mean value theorem, we choose si = s\(s) G [s — 1, s] such 
that 

f e" 2 " r / (d s w(r)) 2 dydr = e~ 2 ^ [ (d s w( Sl )) 2 dy. (3.26) 

Js-l JB JB 

By flS3D, dS25D and (I3T26D we obtain 

-e- 2vsi I(w(s 1 )) as s -»■ +oo. (3.27) 

Note that by combining (pOl) . (EOTj) and the fact that Bx(s) = e- 2r > S2 I(w(s 2 )) - 
e~ 2r,Sl I(w(si)), we deduce that 

fii(s) ^ as s ->• +oo. (3.28) 

To estimate B 2 (s), since si G [s — 1, s] and s 2 G [s, s + 1], we write 

B 2 {s) < c(J' + e- 2 " T J \Vw\ 2 dydry^J^ + e~ 2riT j {d s w) 2 dyd^j ~\ (3.29) 
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By using (13.11) and the covering argument of [8], we have 



Thus 

e~ 2r]T / \Vw\ 2 dydT < CK. (3.31) 

s-1 JB 

Then, by (13~29l) . (133TD and ill , we deduce 

£ 2 (s) ^ as s -> +oo. (3.32) 

By (I3.4p . we can say that 

B 3 (s) ^ as s -4 +oo. (3.33) 
By (13. 8p . we also deduce that 

B A (s) -+ as s -4 +oo. (3.34) 
The terms B 5 (s) and B 7 (s) are negative. By using (13. 3p and (13.41) . we have 

B 6 (s) ^ as s -4 +oo. (3.35) 

By (13. 9p . we write that 

B 8 (s) ^ as s -4 +oo. (3.36) 

Finally, since |y.Viu| < |y||Vw|, we can say that the term B 9 (s) is negative. By 
combining (13351) . (13321) . (13331 . (13341) . (13351) . (E3SD and the fact that the terms 
-Bs(s), Bt(s) and -Bg(s) are negative, we conclude that 

/s + l i> 
e~ 2vr J |Vuf(l - \y\ 2 )dydr -4 as s -4 +oo. (3.37) 

By using (I3.37P and the covering argument of [8], we deduce that estimate (13. 5p 
holds. 

- Proof of (13.61) : By integrating the functional F(w,s) defined in (ll.20p in time 
between s and s + 1, we write 

5+1 rs+1 r /1 n+1 1 



B 
s+l 



I e-^[-(d s wY + T^TTj^ - —^r^dydr 



B 2 j s j B 



-rj I e~ 2r,T I wd s wdydr + / e - ^ / tuMj/dr. 
11 



By using (S3), (13T5) . (E3D and (137381) . we conclude that 

/s+l 
F(w;,r)dr^0, as s +00. (3.39) 

Combining The monotonicity of F(w,s) proved in Proposition II .2[ and f 1 3 . 3 9 [) . we 
deduce the identity ( 13.6[) . This concludes the proof of Proposition 13.11 

■ 

Since the derivation of Theorem [T] from Proposition 13.11 is the same as in [Hj (up to 
some very minor changes), this concludes the proof of Theorem [TJ ■ 
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